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GENERALIZED STOCHASTIC DIFFERENTIAL UTILITY AND 
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This paper develops, in a Brownian information setting, an ap¬ 
proach for analyzing the preference for information, a question that 
motivates the stochastic differential utility (SDU) due to Duffie and 
Epstein [Econometrica 60 (1992) 353-394]. For a class of backward 
stochastic differential equations (BSDEs) including the generalized 
SDU [Lazrak and Quenez Math. Oper. Res. 28 (2003) 154-180], we 
formulate the information neutrality property as an invariance prin¬ 
ciple when the filtration is coarser (or finer) and characterize it. We 
also provide concrete examples of heterogeneity in information that 
illustrate explicitly the nonneutrality property for some GSDUs. Our 
results suggest that, within the GSDUs class of intertemporal utili¬ 
ties, risk aversion or ambiguity aversion are inflexibly linked to the 
preference for information. 


1. Introduction. The study of decision making is fundamental to many 
applications in economics and finance. The decision maker typically faces 
uncertainty about results of an experiment such as the profitability of a 
new product or a financial strategy, efficacy of a monetary policy or a social 
program, state of health and so on. Since many decades, decision theorists 
have developed theories and tools which help us to think about decision 
under uncertainty. The ultimate objective of this line of literature in social 
science is to provide explanations of the behavior under uncertainty and to 
give a rational support for the observable behavior in various contexts. 

This paper studies the preference for information for a specific class of 
intertemporal utilities. For a fixed consumption horizon T > 0, a utility 
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function is a function mapping the set of objects of choice, that is the pairs 
of state contingent consumption process c= {ct,0 <t <T} and information 
filtration A = {*4j,0 < t < T} satisfying the usual conditions, into K. The 
question of preference for information consists of analyzing the dependency 
of a utility function in its filtration information argument. This specific 
question has been greatly simplified within the familiar context of the von 
Neumann-Morgenstern expected utility function. Specifically, an expected 


utility function is 

defined by 

r r T 


(1) 

U t A (c) = E 

J e -4(s-t) u ( Cs ) ds 

A t 


for time t < T, v(-) is the felicity function and the expectation E is condi¬ 
tioned by the time t available information At- In fact, the expected utility 
model (1) does not allow for preference for information in the sense that 
if A £ B are two filtrations such that both Ao and Bq are trivial, then 
Uq-(g) = Uq(c ) for any ^.-adapted consumption process c. 

However, it is often observed that preference for information is relevant in 
various decision making situations. For instance, in many medical decisions 
(choice between various form of prenatal diagnosis such as the amniocentesis 
or decision to test for diseases such as multiple sclerosis), the decision maker 
must decide whether she wishes to have the true state of health revealed 
earlier or later. More generally, psychologists have recognized the importance 
of the feelings related to the prospect of information acquisition [see Grant, 
Kajii and Polack (1998) and Chew and Ho (1994) and the references cited 
therein]. It has been recognized that information acquisition has an extrinsic 
and an intrinsic motivation. 

The extrinsic motivation corresponds to the notion that people value in¬ 
formation to take appropriate contingents decisions and thus influence in a 
favorable way the final outcome. For example, certain medical treatments 
may lower the severity of a disease which provide an incentive to gather infor¬ 
mation about the health state. In an investment context for instance, infor¬ 
mation enhances the planning and should help to identify financial strategies 
which provide a higher expected profitability. In particular, for an expected 
utility maximizer, Epstein (1980) has shown in an investment problem that 
the prospect of greater future information increases the incentives to main¬ 
tain some flexibility in order to take advantage of the content of the future 
information. [Yet, as noted above and clarified below, the expected utility 
investors of Epstein (1980) are indifferent to information and are interested 
in it only for its planning benefits.] 

On the other hand, intrinsic motivation corresponds to the notion that, 
planning benefits notwithstanding, people like (or dislike) information for its 
own sake. In other words, intrinsic attitude toward information is defined 
as individual’s direct interest to have access to more (or less) information 
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because they perceive it to be innately satisfying (or unsatisfying). For in¬ 
stance, a decision maker could be intrinsically information lover because she 
is anxious and prefer to know earlier the outcome of any uncertainty (think 
of the example of a pregnant women who decide to do the amniocentesis 
prenatal diagnosis). Another decision maker may be intrinsically informa¬ 
tion averse since he fears a bad outcome (think to the example of a person 
who delay a test for disease) or simply because he is optimistic and prefers 
a hopeful feeling rather than risking a sad news. 

In a pioneering discrete time model, Kreps and Porteus (1978), general¬ 
ized the von Neumann-Morgenstern expected utility model (1) to permit 
intrinsic information aversion or information loving. This work gave rise to 
the stochastic differential utility (SDU) [Duffie and Epstein (1992) and its 
discrete time counterpart Epstein and Zin (1989)]. The SDU generalized the 
expected utility model (1) and is associated with an “intertemporal aggre¬ 
gator” /, a function satisfying appropriate conditions. The SDU is defined 
by 


( 2 ) 


U^(c)=E 


f(c s ,uf(c))ds At 


Jt 


The SDU model reduces to the additive model (1) when / is linear, f(c,u ) = 
v(c ) — (3u. The SDU was primarily motivated by the desire to have some 
flexibility in the modeling of the concepts of risk aversion and the concept 
of consumption intertemporal substitution. While the two concepts were 
governed by the same parameter in the time additive model (1), the SDU 
allowed some separation of these two aspects of the preferences. This fea¬ 
ture was particularly relevant from an empirical perspective since it helped 
to match more closely consumption rates data and equity returns data in 
the US [Epstein and Zin (1991)]. At the same time, unlike the expected 
utility model (1), the SDU model (2) exhibits an intrinsic attitude toward 
information. From a mathematical perspective, intrinsic attitude toward in¬ 
formation is characterized by the fact that the initial value of the SDU (2) 
[i.e., Uf(c)] depends not only on consumption but also on the filtration A. 

Building on the discrete time approach to intrinsic attitude toward in¬ 
formation of Kreps and Porteus (1978), Skiadas (1998) shows that in the 
continuous time SDU model (2), the concavity (convexity) of an intertem¬ 
poral aggregator with respect to its utility argument U implies an intrinsic 
preference for late (early) resolution of uncertainty. To illustrate their point, 
consider two filtration T C Q and an intertemporal aggregator / which is 
concave with respect to its utility argument U. Then, Jensen’s inequality 
gives, 


E(U?(c)\F t )=E\J*f(c 9 ,U?(c))ds 
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< E 


f(c a ,E(U?(c)\F s ))ds 


Tt 


for any consumption process c which is progressively measurable with respect 
to the coarser filtration T. Thus the optional projection process E[U^{c)\E.} 
maybe interpreted as a sub-solution of the recursion (2) in the setting of the 
filtration A = T and as such, heuristically, the sub-solution E[U_(c)\E.\ is 
smaller (P ® dt a.s.) than the solution itself Uf(c). Unfortunately, while 
pointing an elegant way of proving out an elegant way of proving a mono¬ 
tonicity of a utility functional with respect to its filtration argument, the 
Kreps-Porteus-Skiadas method only provides sufficient conditions for pref¬ 
erence for early (or late) resolution of uncertainty and no characterization 
is obtained. 

This paper is an attempt to analyze the question of intrinsic attitude 
toward information within a more general class of utility functions. We con¬ 
sider the class of generalized stochastic differential utility (GSDU) intro¬ 
duced in Lazrak and Quenez (2003). It has been shown by Skiadas (2003) 
and Lazrak and Quenez (2003) that the GSDU unifies the SDU of Duffie 
and Epstein (1992) and a recent class of intertemporal utility functions. 
This class encompasses the portfolio decision models of Chen and Epstein 
(2002) and of Anderson, Hansen and Sargent (1998). These models have 
been introduced with the operational objective of modeling the imperfect 
knowledge of the asset returns probability distribution and its impact on 
portfolio decision and asset prices. The objective of this paper is to identify 
the implicit implications of these utilities from the angle of the intrinsic atti¬ 
tude toward information. More specifically, we took the view that investors 
have a neutral intrinsic attitude toward information (in a sense to be made 
precise later) and, characterize this property in a context of Brownian infor¬ 
mation and under certain assumptions on the (generalized) intertemporal 
aggregator. Our finding suggests that, in general, the information neurality 
will not hold for our class of GSDU. However, when information heterogene¬ 
ity is such that the Brownian property is preserved under the finer filtration, 
neutrality for information holds. 

Therefore, the GSDUs class of utility functions are generally not infor¬ 
mation neutral and this suggests that the risk attitudes and the ambiguity 
attitudes are in some sense confounded with the information attitude within 
this class of utility functions. Consequently, any prediction of these models 
for portfolio decision or asset prices is also induced by the extent to which 
these utilities exhibit preference for information. Finally, our results should 
be of interest to the literature on the design of risk measure for institutional 
investors and financial institutions [see Artzner, Delbaen, Eber and Heath 
(1999), Wang (2000), Artzner, Delbaen, Eber, Heath and Ku (2002) and 
Riedel (2002)]. In fact, a GSDU is in some sense a dynamic risk measure 
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and a preference for information may be desirable in that context. For in¬ 
stance, in a stock portfolio management context, it is possible to have a 
view about how a risk measure should depend on the timing of information 
releases on the stock prices. In particular, the GSDU would have then the 
ability to provide a quantitative prediction of the utility cost of an infor¬ 
mation enhancement such as an increase of the frequency of the accounting 
reports of the underlying companies or perhaps an increase of the coverage 
of the financial analysts. 

The paper is organized as follows. In Section 2 we give the exact setting 
for two generalized versions of model (2), define the information neutrality 
property and give some mathematical prerequisites. Section 3 gives some 
concrete filtrations and utility models encompassed by our formulation. Sec¬ 
tion 4 develops some GSDU computations for two examples of heterogeneity 
in information that illustrate the problem. The first example (Brownian an¬ 
ticipation) exhibits a situation where information neutrality does not hold. 
In the second example, the coarser filtration is generated by the absolute 
value of the Brownian motion that drives the finer filtration and we will see 
that in this context the information neutrality may hold. In Section 5, we 
characterize the information neutrality for a class of BSDEs (including GS- 
DUs) which driver depend on intensity Z only through its Euclidean norm 
\\Z\\. We show that the second example of Section 4 offers the only type of 
information heterogeneity that allows information neutrality to hold for this 
class of BSDEs. In Section 6, we conclude. 

2. The model. 

2.1. Context and definitions. Let (Q,Q,P) be a complete probability 
space and for the fixed time T, let Q (.) = {Gt, 0 <t <T} and JF(.) = {^,0 <t< 
be two filtrations that contain all negligible events and are right-continuous 
and such that Y).) C Gy)- Furthermore, we suppose that the filtration Gy) 
(resp. Fy)) has a predictable representation property with respect to a stan¬ 
dard n-dimensional Brownian motions = ( 1 W , W ,... , n W^) [resp. 
W T = ",... For A E {G, JF}, each A-local martingale M 

can be represented as a stochastic integral with respect to W A , that is, there 
exists an A-predictable process tp in R n with \\ip\\ 2 dt < oo a.s. such that 
M t = Mo + Jq p s ■ dWf-, 0 <t<T. In other words, following the Revuz and 
Yor terminology [e.g., Revuz and Yor (1999), page 219], the filtrations Q and 
T are weakly Brownian. As we will illustrate with some specific examples in 
Section 3, there are many ways of constructing such a couple of filtrations 
(representing heterogeneous information). It is important to notice at this 
stage that in general, the process is not a Brownian motion under the 
finer filtration Q. However, as we shall illustrate in Section 3, there are some 
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special specifications of the filtrations Q and T under which the process 
turns out to be a C?-Brownian motion. 

We shall denote by V G the ^(^-predictable cr-field and by V^ the E^.y 
predictable cr-field. We consider for each integer p the sets 7i 2 (G,M. p ) = 
{X: [0, T] x Q -> W/X G V G and E[J^\X S \ 2 ds] < oo} and H 2 (X,W) = 

n 2 {G,w) np f 

For each random variable £ G L 2 (Xt), we define the BSDE Y G (£) G 
associated to the filtration G[.) as the solution of the recursion 


( 3 ) 


Yf(0 = S+ [ T h(s,u, Y G (£),Z G (£)) ds — ( T Z G {t)-dW G 
Jt Jt 

= E £ + j\(s,u,Y?{£),Z0(£))ds\g t 


where the driver h defined on [0,T] x O x M x M n with values in M, s.t. 
(h(t,u),y, z))o<t<T £ 7i 2 (E, M) for each ( y,z ) G M x M n and h satisfies the 
following standing assumptions. 


Standing assumptions. (Al) There exists a constant K > 0 s.t. P- a.s., 
we have 


Vt, V (y\,y 2 ), V(zi,z 2 ) 


\h(s,u,yi,zi) -h{s,u!,y 2 ,z 2 )\ <K(\yi - y 2 \ + ||zi - z %||). 

(A2) The process (h(t,ui,0,0))o<t<T belongs to H 2 (E, R). 

Note that the process Z G (^) G Tt 2 (G, R n ) is part of the solution of (3) and 
we call it the intensity associated to the BSDE (3). 

Similarly, we define the BSDE (£) G H 2 (E,M.) associated to the filtra¬ 
tion JF(.( as the solution of the BSDE 


( 4 ) 


*f(0=£+ f T h(s,u,Y s T (0,Z^(0)ds- ( T Zf(£) 

Jt Jt 


dW: 


T 


= E 


Z + j\(8,U,Y?(t),Z?(t))d8 




We will also be interested by a second class of BSDEs, GSDU, an extension 
of Duffie and Epstein (1992) model of SDU that has been proposed in Lazrak 
and Quenez (2003). For any given contingent consumption plan , a process 
c £ H 2 (X,M.), the GSDU U G (c) GW 2 (5,K) associated to the filtration G(.) 
solves the recursion 


( 5 ) 


Uf(c)= l T f(s,c s ,U G (c),V s g (c))ds- f T V G (c) • dWf 
Jt Jt 


= E 


f{s,c s ,U G (c),V G (c))ds 


Gt 
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where the intertemporal aggregator f defined on [0,T] xlxlx M n with 
values in M, s.t. (/ (t, ct, y , z))o<t<T £ M) for each (y,z) elxR n and 

/ satisfies the following standing assumptions: 

Standing assumptions. (Bl) There exists a constant K > 0 s.t., P- a.s., 
for all relevant (t, c, y ±, y 2 , z\ , Z 2 ) we have 

\f(t,c,yi,zi) - f{t,c,y 2 ,z 2 ) \ < K(\yi - y 2 \ + ||zi - z 2 1|). 

(B2) There exists some positive constants k\,k 2 and 0 < p < 1 s.t. | f(t, c, 0,0) | < 
h + k 2 c p . 

In fact, Duffie and Epstein (1992) define SDU of the form (5) in a context 
where the intertemporal aggregator is essentially independent of z, and thus 
we shall call this case the classical SDU. 

We define as well the GSDU associated to the filtration JF(.) as the solution 
of the BSDE 



( 6 ) 





for each c € hi 2 (P, M). 

Note that the intertemporal aggregator / is a deterministic function of 
(t, c, y, z ) and thus the GSDU model (5) is a special case of the BSDE model 
(3) that is obtained formally by setting £ = 0 and h(t,u,y,z) = f(t,ct,y,z). 
However, as will be seen from the following definitions, the information neu¬ 
trality property has a different meaning in the two models and therefore a 
different method is needed to characterize it in the two models. 

Now let us define the information neutrality property. 

Definition 1. A BSDE exhibits information neutrality (between the 
filtration T and Q) if and only if the solutions of the BSDEs (3) and (4) 
satisfy 


= Y t G (0, dP ® dt a.s. 


( 7 ) 

for all £ G L 2 {P t ). 


Definition 2. A GSDU exhibits information neutrality (between the 
filtration T and Q) if and only if the solutions of the GSDUs (5) and (6) 
satisfy 


( 8 ) 

for all ceW 2 (f,I). 


Uf(c) = Uf(c), P®dt a.s. 
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We motivate these definitions by interpreting (7) and (8) as expressing 
an indifference for the purpose of decision toward the otherwise anticipated 
utility of more rather less information. A decision maker who exhibits such 
a property has no intrinsic motivation to gather information for a fixed 
consumption. In the subsequent analysis, our objective is to characterize 
this property. 


2.2. Mathematical background. Under our Lipschitz assumptions on the 
driver/aggregator [assumptions (Al) and (Bl)], it is now a standard result 
in the BSDE literature that existence and uniqueness (in a suitable sense) 
hold for the recursions (3)-(6). 

More precisely, for A E it follows from Pardoux and Peng (1990) 

[see also El Karoui, Peng and Quenez (1997) and Ma and Yhong (1999)] 
that under assumptions (Al) and (A2) and, for each £ G L 2 (Et), there exist 
a unique pair (Y A (£), Z A (fi)) G 77 2 (A,R) x H 2 (A,R n ) such that 

r rT i 


( 9 ) 


Y t A (0 = E^ + jf h(s,u;,Y s A (0,Zf(0)ds 


At 


Similarly, for A E {Q,E}, it follows from Pardoux and Peng (1990) that 
under assumptions (Bl) and (B2) and, for each cE 77 2 (A",R) there exist a 
unique pair (U A (c),V A (c)) EH 2 (A,R) x M 2 {A,R n ) such that 

r rT 1 


( 10 ) 


U a {c) = E 


j t f(s,c s ,Uf{c),V A (c))ds 


At 


Now, since we will extensively use them in the subsequent analysis, it is 
worthwhile to recall [see El Karoui, Peng and Quenez (1997)] the represen¬ 
tation theorems of linear (resp. concave) BSDEs as a conditional expecta¬ 
tion (resp. an essential infinimum of conditional expectations). We will state 
these results for a filtration A E {G, T} and only for the BSDE model (9) 
[the GSDU model (10) being a particular case of the BSDE model (9)]. 


Proposition 1. Let (p,n) be a bounded (R,R n )-ua/ue(i A-predictable 
process, cp an element of?i 2 (A, R) and £ and element of L 2 (At). Then the 
linear BSDE 

Y t A (0 = £ + j\<p, + Y A (OPs + zf(0 • K S ) ds - £ Zf(0 • dW A 

has a unique solution (Y A (f i ), Z A (f)) E ?7 2 (A,R) x 7i 2 (A, R n ) which admits 
the representation 


Y t A (0=E 


'Y'T 




T fip s ds 


At 


where Yf is the adjoint process defined for s>t by the forward SDE 


dY s t = T'l \ Ps ds + n s • dW A ], T* = 1. 
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Alternatively, when the driver h is concave with respect to ( y,z ), it is 
possible to express it as an infinimun of linear functions of ( y,z ): denoting 
by H the polar function of h defined by 

H(t,p,n)= sup [h{t,y,z) - py- k- z], 

(y,z)e Mxl" 

the conjugacy relationship gives [for each (u;,t)] 

h(t,y,z)= inf ' [h M (t,y,z)}, 

( p,K,)e[-K,K ] n + 1 

where h^ p,K ^ (t, y,z ) = H(t, p, k) — py — k ■ z and where we recall that K is the 
Lipschitz constant for the driver h (the domain of definition of H is a subset 
of [— K, K] n+1 ). Heuristically, the representation theorem for concave BSDEs 
states that the infinimum of the above conjugacy relationship commutes with 
the BSDE transform, that is, 

Yt(h) = Yf (ess inf tS p,K ' > ) = ess inf Y t (h^ p,K ^). 

In order to state this result more precisely in the following proposition, we 
first define the domain [see El Karoui, Peng and Quenez (1997)] 

V:={(p, K)eV A n[-K,K] n+1 \H(-,p.,K.)£H 2 (A,R)}. 


Proposition 2. Let h be a concave driver satisfying assumptions (Al) and (A2) 
and let H the associated polar function. Then the BSDE (9) admits the dual 
representation 


Y t A (0 = e ss inf e\t p ^ £ + C T%H(s, p s , « a ) ds 
(p,Kjex> [ ’ Jt 


A, 


where T p, f is the adjoint process defined for s>t by the forward SDE 


d? p t ’* = ? p t >*[p a ds + K a -dW t 


Mi 


t p, k = L 


3. Some examples of filtrations and utilities. 


3.1. Examples of heterogeneous filtrations. There are many ways to con¬ 
struct a sequence of coarser or finer Brownian filtrations and we give here 
some examples of constructions. 


Losing the sign of a Brownian motion. Departing from a completed fil¬ 
tration B generated a two-dimensional Brownian motion (vf = (uf t , p|t))o<i<T 
one can construct the filtration A generated by 

At :=d((|i'fj,|i/f s |);0 <3<t), 

and it follows from Revuz and Yor (1999) that A is generated by the two di¬ 
mensional Brownian motion {vf)o<t<T = (fo sgn(z/f s ) dvf s , / 0 * sgn(//£,) dv f s )o<i<T- 
Note that this method provides a way to construct an infinite sequence of 
coarser filtrations. Finally, it is important to observe that in this particular 
example, v A is also a Brownian motion under the filtration B. 
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Brownian anticipation. Consider an n-dimensional Brownian motion (vf", 0 < 
s <t) that generates a completed filtration A. Then the process 

■= 0 < t < T, 

is a Brownian motion and generates a completed filtration B that satisfies 

Bt = A2t D At- 

Notice that in this context, v is not a £>-nrartingale and thus it is not a 
Brownian motion under B. 

Brownian motion with an independent random drift. A third example 
comes from filtering theory. Consider a scalar Brownian motion (i't)o<t<T 
and an independent and integrable random variable p. Consider the filtration 
B generated by 

Bt : = < 7 ( 14 ; 0 < s < t) V cr(p) 

and its subfiltration 

At : = cr( v s + ps] 0 < s < t), 

which is well known to be generated [see, e.g., Liptser and Shiryayev (1977)] 
by the Brownian motion (i'f')o<t<T = iyt + fo(p ~ E(p\A s )) ds)o<t<T■ Note 
however that this example is outside the scope of this paper since Bq is not 
trivial. 


3.2. Examples of intertemporal aggregator. 

The multi-prior expected utility process. When the BSDE driver has the 
form 

n 

( 11 ) h(t,u,y,z) = -^2ki\zi\, 

1=1 

where ki > 0 for i = 1,..., n, the process (U (£)) defined in (3) [resp. the 
process Y^(U(tf)) defined in (4)] with the terminal data [/(£) where [/(•) is a 
nondecreasing and concave function mapping R onto R may be interpreted 
as a multi-prior utility for the wealth £ [Chen and Epstein (2002)]. 

Alternatively, in the GSDU case, when the intertemporal aggregator has 
the following form: 

n 

( 12 ) f(t,c,y,z) =u(c) 

1=1 

where ki > 0 for i = 1 ,..., n and where u(-) is a nondecreasing and concave 
function mapping R onto R, the process U^{c) defined in (5) [resp. the 
process U^(c) defined in ( 6 )] may be interpreted as a multi-prior utility for 
the consumption process c [Chen and Epstein (2002)]. 
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Quadratic GSDU. When the intertemporal aggregator has the form 

(13) f(c,y,z) = log(c) -j3y- ^z 2 , 

with parameter restrictions: f3 > 0 and a > 0 the existence of the GSDUs (5) 
are not guaranteed anymore since the intertemporal aggregator / is not Lip- 
schitz with respect to z. The GSDU associated to (13) is in fact in the class 
of quadratic BSDE that has been extensively studied in Kobylansky (2000) 
who shows the existence by an approximation technique. In the specific case 
under consideration, Schroder and Skiadas (1999) show the existence and 
uniqueness of the solution of the BSDE (5) and consequently of the BSDE 
(6). Their proof consists of building an appropriate set of consumption plan 
processes (that contains but is not limited to the set of bounded process) 
and involves a fixed point theorem. 

Interestingly, the model (13) is important since it has been recently shown 
by Skiadas (2003) and Lazrak and Quenez (2003) that the GSDU associ¬ 
ated with (13) is a unified formulation of a recent approach to uncertainty 
aversion related to the robust control theory. This approach has been intro¬ 
duced by Anderson, Hansen and Sargent (1998) [see also Hansen, Sargent, 
Turmuhambetova and Williams (2002) and Uppal and Wang (2003) for some 
applications of that model to asset pricing issues]. 

4. An illustrative example. The objective of this section is to give a 
concrete situation where we can measure explicitly the utility under het¬ 
erogeneous hltrations. In fact, the example that we shall give in the sequel 
was very helpful to us as a guide of how to handle the problem given in the 
previous section. 

Assume that the filtration T is generated by 

(14) T t :=<r(|Wf |;0 < s < t) = ;0 < a < t), 

where the JF-Brownian motion {W ^; 0 < t < T) is given by 

W[= f sgn(iuf) dWf. 

Jo 

Also, we will consider the anticipating filtration 

Tit '■= 0 <s<t) = cr(H / ^;0 <s<t ), 

where the TUBrownian motion (; 0 <t<T ) is given by 

W t ~ T/2 ' 

It is clear that JF(.) C and JF(.) C Ti^, and in order to simplify the 
exposition, assume furthermore that the Brownian motion is one di¬ 
mensional (n = 1). Now, in the following sections, we shall consider the 
particular consumption plan b E Ti 2 (J-, R) given by 

(15) 6* = exp(Wf), 
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and compute its associated GSDU for some simple intertemporal aggregators 
under the filtrations E(.\,G(.) and y 


4.1. A linear GSDU intertemporal aggregator. Now, let us analyze what 
happens if we introduce the simplest dependence in 2 in the intertemporal 
aggregator, that is, a linear additive dependence of the form 


(16) 


f{s, c, y, z ) = log(c) - f3(s)y - 72, 


where the /?(•) is a deterministic integrable function. 

From Proposition 1 and for A E {E,G,7t}, the GSDU associated with the 
aggregator (16) admits the representation 

r rT 1 


(17) 


U t A (b) = E 


/ TJWfds 


A, 


Ut 


where Tf is the adjoint process defined for s > t by the forward SDE 
dTf = -T s t [(3{s)ds + 1 dWf}, T\ = 1. 


When 7 = 0, the adjoint process T( is deterministic and by the filtering 
property of the conditional expectation we have 

U[(b) = E[Uf{b)\T t ] = E[U?(b)\E t ] 


and in particular 

(18) u£(b) = uS(b) = UF(b) = 0. 


However, as we shall show in subsequent computations, equation (18) does 
not hold when 7 A 0 and, in particular, information neutrality fails to hold 
in that case. 

More explicitly, when 7 A 0, one can use the representation (17) and a 
simple Girsanov transformation to get 


(19) 



r S t ds 


wf - 7 



mds, 


where we used the notation Tf = exp(— J t s (3{u) du ). Thus, by differentiation, 
the associated intensity is 


( 20 ) 



Elds. 


On the other hand, it is also possible to compute the couple (U^(b), V s (b)). 
The exercise is slightly more involved and in order to execute it, let us first 
define a new probability measure on Gt by 


(dP_ 

\dP 


Gt 


= exp 


r 

2 


■T-'yWg)- 
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By Girsanov’s theorem, the process 

Wf = Wf + 7 t 

is a (P, CJ)-Brownian motion and reexpressing the representation (17) under 
the probability P and the filtration G gives 


Uf(b)=E 


r t 


r ids 


sgn {W%)dW% ds 

r T r i 


W[ + E 


r l 


Gt 


sgn (Wg)dWgds Gt 


where E is the expectation under P. Substituting with in the 
above expression and eliminating the stochastic integrals (which does not 
contribute to the expectation) gives 

uf{b)=\ / T r t *cfeW-7 [ T rt [ S E[sgn(Wg-'ru)\G t \ dud s. 

Jt J Jt Jt 

Now, one can remark that 

E[sgn(W% - 7 «)| G t ] = E[ S gn((W% - Wf) + Wf - 7 u)| Gt] 

= E[sgn(y/u - tG + Wf - 7 (u - t))], 

where G is a standard Gaussian variable with zero mean and unit variance 
under the probability P. Consequently, expressing the above quantity in 
terms of the cumulative <J> of the standard Gaussian variable gives 

Wt -n/iu-ty 


~ r /i 

£[sgn(w£- 7 u)|&] = l-2 $(-- 


\Ju — t 


and thus 


( 21 ) 


U?(b) = 


[ T V S t ds\w[~ 1 [ T {s-t)T s t ds 
Jt J Jt 


Differentiating the above expression, and taking only the martingale part 
gives the intensity 


V t G {b) = 


.Jt 


r ids 


sgn(W^) 


t \Jt V 7r ( u ~ 


ex P -r 


1 (Wf - 7(« - t))‘ 


u — t 


du )rf ds. 
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Thus, it becomes clear from (19) and (21) that 


(22) U?{b)-Uf(b) 



Wf — jju — 1 ) \ 
\Ju -t ) 



rfds/o, 


P ®dt a.s. and hence the information neutrality does not hold. 

Finally, for the GSDUs under 7i, one can use some similar Girsanov trans¬ 
formations and get 


(23) 



WfTfds, 


V t H (b)= 0, 


if t > T/2 and 


(24) 


rZt rl rl 

u?(b)= w?v t ds + w£ r ids-'yVi (s/2-t)r s t ds, 

Jt J2t J2t 

v t n (b) = V2 [ T rids, 

J2t 


if t < T/2. 

Thus, we see that 


(25) 


U£(b) - Uq (b) 


- 7(1 - 


vd 

2 



and in particular the identity (18) does not hold and hence the information 
neutrality does not hold again. Note that when 7 > 0, it is clear that U^ib) < 
Uq (b) and we interpret this inequality as a form of aversion to information 
(the consumer prefers to have access only to the coarser filtration •?"(.))• 
However, this inequality is not true for every consumption plan and it can 
be proved that we have the opposite inequality U^(b r ) > Uq (b') for the 
consumption plan b' defined by b' t = exp(— Wf). 


4.2. A nonlinear intertemporal aggregator. Let us consider the Chen and 
Epstein (2002) GSDU intertemporal aggregator given by 

(26) f(s,c,y,z) = log(c)-(3(s)y-k\z\, 

for k £ M + and for a deterministic integrable function /?(•). 

By Proposition 2, we know that for each filtration A^{J~, Q}, the A- 
GSDU associated with the intertemporal aggregator (26) maybe represented 
for any c £ ?f 2 (»4,M) as 

(27) U^(c) = e ss inf U^’ d (c), P®dt&.s., 

v ' 1 w eee A * 
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where 0^ = {9 £ 7J 2 (A,M.): \9 t \ < k, P ® dt a.s.} and where the process 
U A ’ e (c) is the GSDU defined by 

uf'°{c) = j\\og(c s ) - (J(s)U A,e (c) - 9 s V A ’ d (c)) ds - J* V A ’ e (c) dW A , 

for each 6 £ 0_4. By Proposition 1, we have the representation 

rT 


(28) 


U A \c) = E 


Tl log(c s ) ds 


At 


where Tf is the adjoint process defined for s > t by the forward SDE 
d?* t = -?Hp 8 ds + 6 a -dW A ], ?t = l. 

In order to compute Uf ( b ) where we recall that the consumption plan b is 
defined in (15), we first define for each 6 £ Q? the probability measure P e 
by its Radon-Nikodym derivative with respect to P on Et, 

r T 


^expR/W - 1 


dP 


10 


2 Jo 


9 2 ds 


By Girsanov’s theorem, the representation (28) becomes 

r rT 


Uf ,e (b) = Eg 


r iwfds 


Ft 


r Ids 


wf - E e 


r rT 


r % 


9„ dv ) ds 




where Eg is the expectation under the probability P e . Therefore, the essen¬ 
tial infinimum of (27) is attained by 9 = k, P <S> dt a.s., and hence 


U[{b) = 


f T Ttds]wf-k [ T (s — t')T'l ds, 
Jt Jt 


and consequently the associated intensity is given by 

rT 


vf(b) = j rf ds. 


In order to compute U^(b), one can write the BSDE satisfied by U[ (6), 
and translate it under Q and get a uniqueness argument 


Uf(b) = 


rfds 


w(- 


kj\s-t)V s t ds = U[{b) 


and 


V t G (b) = 


r s t ds 


sgn (Wf 


For the utility under the filtration H, a uniqueness argument [note that 
V n has an invariant sign in equations (23) and (24)] allows us to conclude 
U w and V w are given by equations (23) and (24) with the replacement of 7 
by k. 
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4.3. A quadratic intertemporal aggregator. Let us consider the SDU in¬ 
tertemporal aggregator given by 

(29) f(s,c,y,z) =log(c) - 


for 7 G K. Although the intertemporal aggregator (29) is not Lipshitz, using 
Ito’s rule, it can be shown easily that 


U A {c) = ~\og[E 


ex P ( — 7 / l°g( c s) ds 


A t 


for any c £ c £ TL 2 (F,M) and for A = F,Q and TL. In particular, existence 
and uniqueness of the associated BSDE hold when the above expectation is 
finite. Furthermore, some straightforward computations give 


U[{b) 

U?(b) 


U?(b) = (T-t)Wf- 1 -{T-t)\ 

r2t ~ 

J wf ds + (T — 2 t)W[ t -j(T- 2 tf 


for t < T/2 


Vf(b) = {T-t), 

Vf (b) = (T — t) sgn(W^), 
V t n (b) = V2(T-t). 


4.4. Discussion. While the computations of this section offer a modest 
contribution from a theoretical perspective, they have the merit of illustrat¬ 
ing in a concrete way how a BSDE depends on its filtration. 

For our objective of characterizing information neutrality, it is worthwhile 
to see what we can learn from this example. First, the linear GSDU compu¬ 
tations of Section 4.1 show that the dependency in z does not allow infor¬ 
mation neutrality to hold (for the three types of information heterogeneity 
under consideration). 

When the utility is linear but independent from z, the GSDUs under 
T and Q coincide but are different from the GSDU under H. This fact 
suggests that the information heterogeneity T versus Q has a special feature. 
This special feature seems to be confirmed by the nonlinear intertemporal 
aggregators of Sections 4.2 and 4.3. In both cases, the GSDUs under LF and 
Q coincide but are different from the GSDU under TL. 

Although, these statements have no theoretical value since they are only 
valid for one particular consumption plan (b), the next theoretical work will 
establish that the information heterogeneity of the type T versus Q is the 
unique type of information heterogeneity which allow information neutrality 
to hold for a class of intertemporal aggregators. 
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5. Characterization of information neutrality. In this section we fix a 
couple of filtrations JF(.) C Qyy First, let us state a general necessary condi¬ 
tion of information neutrality. 


Lemma 1. If a BSDE (3) [ resp. a GSDU (5)] exhibits information neu¬ 
trality then for any £ E L 2 (Et) [resp. for any c E ?f 2 (.F, R)] we have 

\\Zfm = \\Zfm [resp- \\Vf(c)\\ = ||lf (c)||], P ® dt a.s. 
Proof. It follows from (7) that for each £ E L 2 {!Ft), 

.. > 7 , 0 DUf + 1 «)-r,f(f )| 2 = i™ D 5 &,(f)-i £({)| 2 

and therefore, 

riizf(on 2 d5= /Vf(£)n 2 ^ 

jO JO 

Consequently, 

||Zf(0|| = \\Zfm, P ®dt a.s., 
and the proof is similar for the GSDU case. □ 


5.1. The BSDE problem. In this section, and in view of Lemma 1, we 
use the following assumption on the driver of the BSDE (3): 

(HI) The BSDE driver has the form 

h(s,u>, y, z) = h(s,uj,y, ||^||). 

Theorem 1. Under assumption (HI) the following statements are equiv¬ 
alent: 

(a) The BSDE (3) exhibits strong information neutrality. 

(b) There exists a process M: [0,T] xSl-> M nxn in the set V& such that 
M'M = Id n , dt®dP a.s. and 

(30) w[ = T M s dwf , P^dt a.s. 

Jo 

Proof, (b) =>• (a) For any £ E L 2 (J~t), assumption (HI) in conjunction 
with (30) implies that (Y t ^(f). Mf Zf (£)) 0 <t<T solves the BSDE (3), and by 
uniqueness we get Yf (tf) = Yf(£). 

(b) =>• (a) For any £ E L 2 (Et), and under assumption (HI), substracting 
(3) and (4) gives, by Lemma 1, 

rt rt 

(31) / Zf (£) • dWf = \ Zf (£) ■ dW$, P®dt a.s. 

Jo Jo 
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In order to compute explicitly Z^ for some particular let us now in¬ 
troduce the n-dimensional process (X t = ( X t ,... ,X t ))o <t<T that solves the 
stochastic differential equation 

dX t = — g(t , u, Xt) dt + dWt , 

X 0 = xe M n , 

where g maps [0,T] x RxlR” onto M n and is defined by 

g(t,uj,X) = (h(t,u,X i, l);h(t,u,X 2 , 1);.. .\h(t,u,X n , 1)). 

By construction, it is clear that, for each k = 1,..., n; Y/ 7 (Xif) = X k and 
Zf (Xj>) = 5k where 5k is a vector of R n defined by 5kk' = 0 if k ^ k' and 
Skk = 1- Therefore, for each k, i = 1,..., n, letting 

M^:=Zi’ S (X^), 

we get, from (31), 

r t n 

k W[ = I y M k ’ 1 d Wf, P ® dt a.s., 

Jo i =i 

and thus for each k, k! = 1 ,..., n, 

n 

5' k 5 k , dt = d( k W T , k 'w T ) t = y M k,i M k ' ,i dt = {M' t M t ) Kk , dt, 

i= 1 

which completes the proof. □ 

To be concrete, in the scalar Brownian motion case, the filtration J~t = 
a (\W!f |, 0 < s < t) is generated by the Brownian motion W := /q sgn(IT®) dW^ 
as explained in Section 3.1 and this is an example of a situation where con¬ 
dition (b) of Theorem 1 holds. More generally, Theorem 1 illustrates that 
when the link (30) exists between two hltrations T and Q , there is no utility 
cost for the information loss due to accessing to T rather than Q under 
assumption (HI). 

Remark 1. Note that under assumption (HI), it is easily seen from 
(30) that information neutrality is also equivalent to the fact that W^ is a 
CRBrownian motion. Thus Theorem 1 provides a possible interpretation of 
this condition in terms of utility cost of information. 

Remark 2. When h = 0, the BSDE (3) is the (linear) conditional ex¬ 
pectation and the strong information neutrality becomes 

(32) E[(\F t \ = E[£\Qt\, dP®dt a.s., 
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for all £ £ L 2 (Tt)- In particular, the above is true for £ = Ibj , and from the 
Levy criteria, we deduce that, in fact, is a ^-Brownian motion and thus 
(30) is satisfied. Thus Theorem 1 may be interpreted as a generalization of 
property (32) to the BSDE generated by the driver h under assumption (HI). 
(The BSDEs are denominated sometimes nonlinear expectations.) 

5.2. The GSDU case. In this section, and in view of Lemma 1, we use 
the following assumption on the GSDU intertemporal aggregator: 

(H2) The intertemporal aggregator has the form 

f(s,c,y,z ) = f(s,c,y , ||z||). 

Furthermore, for technical reasons we shall use the following assumption 
on the intertemporal aggregator: 

(H3) The intertemporal aggregator / is continuously differentiable with re¬ 
spect to c, y, z with first derivative being bounded by some constant 
L > 0 and satisfies for all (f, c, y, z) £ [0, T] xlxlx 1" 

\f{t,c,0,z)\ < C, \dj(t,c,y,z)\ >k>0, 

for some constants C and k. Moreover, the derivatives d c f, d y f, d z f are 
uniformly Lipschitz with respect to each of the variables c, y, z with a 
Lipschitz constant M > 0. 


Theorem 2. Under assumptions (H2) and (H3), the following state¬ 
ments are equivalent: 

(a) The GSDU (5) exhibits information neutrality. 

(b) Equality (30) holds for some process M:[0,T\ x D —■> M rixn in the set 
VG such that M'M = Id n , dt®dP a.s. 

Proof, (b) =>■ (a) For any c£ ?f 2 (JE,M), assumption (H2) in conjunc¬ 
tion with (30) implies that {Uf (c), MfVf (c))o<t<T solves the BSDE (5), 
and by uniqueness we get U^^c) = U^(c). 

(a) =>• (b) A similar approach of Theorem 1 leads under assumption (H2) 
to the identity 

(33) T V? (c) dWf = f Vf (c) dWf , P®dt a.s. 

Jo Jo 

for each c £ 7f 2 (jT,M). 

In particular, for k = 1,..., n, let us consider the utility Uf (^W^) associ¬ 
ated to the consumption processes q = k Wf that coincides, by uniqueness 
of the BSDE (5), with the solution of the scalar BSDE 

k N t = / T /(s, k N s ,\ k C s \)ds- f T \ s d k W^. 

Jt Jt 
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Hence, { k W T ) = k ( t 5k, where we recall that 5k is a vector of M n dehned 
by $kk' = 0 if k k' and 5kk = 1- Now, assuming that 

(34) | fc Ct| >0, P <g> dt a.s. for k = 1 ,... ,n, 

and applying (33) to the consumption processes c = k W^ for k = 1,... ,n 
gives 

ft n 

k W t T = / P^dt a.s., 

Jo , 


where 


2=1 


, fW . v; s ( k w^) 

M ‘ *5 


and following the same argument of Theorem 1 we are done. The following 
lemma shows that under assumption (H3), inequality (34) is satisfied. □ 

Lemma 2. Let (Bt, 0 <t < T) 6e a standard unidimensional Brownian 
motion [say under (P,^)] and consider the BSDE 

N° = g(s, B S ,N°, C) ds - ^ C° s dB s , 

where g is defined for each (t, c, y, z) G [0, T] x R x R x R by 

9 (t,c,y,z ) = f{t,c,y,z5i) 

and where f is an intertemporal aggregator satisfying assumption (H3). 
Then |Ct°| > 0, P & dt a.s. 

Proof. First, consider the finality of BSDEs parametrized by x > 0 and 
dehned by 


(35) 


Nf= f T g(s,x + B s ,Nf,£)ds- f £dB s . 
Jt Jt 


By a result of Ma, Protter and Yong [(1994), Lemma 3.2; see also Pardoux 
and Peng (1992)] and for each x > 0 the solution of (35) satisfies 

(Nf,Cf) = (6(t,x + B t ),d x 9(t,x + B t )), 

where 9 : [0, T] x R —» M is the unique bounded classical solution of the quasi- 
linear parabolic equation 

d t 9(t, x) + \ d xx 6(t, x ) + g(t, x, 0(t , x),d x 9(t, x)) = 0, (t, x) € (0, T) x M, 

9(T,x) = 0. 
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Furthermore, by the BSDE a priori estimates [see Pardoux and Peng 
(1990) and El Karoui, Peng and Quenez (1997)] and the boundness of d c g 
[assumption (H3)] we have the following bounding argument: 

E ( sup | Nf - !V t 0 | 2 ) + £ ( £ dt (Cf - Q°) 2 ) 

(36) - CE (jo dt ’ (g(t,x + B t ,N^,C?) ~ 

< CTL 2 x 2 , 


for some positive constant C. 

Second, consider the linear BSDE 


Qt = f\d c g(s, B a , N%, Cs) 


(37) 


+ Qs d y g(s, B s , Ng , Cs) + A s d z g(s, B S ,N s u , C s u )) ds 


o 


- J A s dB s 

which, according to Proposition 1, gives the following solution: 
rT 


(38) Q t = E 


J ds d c g(s, B s ,Ng , ^°) exp (J dud y g(u,B u ,N®Xu)j 




where 

T % = exp (-i J* dud z g(u, B U ,N° U , C°) 2 + J* dB u d z g(u, B U ,N ° U , C°)) . 

Notice that from the boundness of the first derivatives of g, equation (38) 
shows that Q satisfies 

(39) ke~ MT (T -t)<\Q t \< Me MT T 


and, therefore, in order to prove the lemma, we will show that 

(40) Ct = Qt, P <8> dt a.s. 

More precisely, since Ct = d x 9(t, B t ) and by the definition of a derivative, 
we need only prove 


(41) limA N£ = Qt, P®dt&.s., 

x[0 

where A Nf := {Nf — N®)/x for x > 0. 

To that end, let us define for each x > 0 the process A£f := (Ct ~ C t)/ x 
and, following a linearization technique of El Karoui, Peng and Quenez 
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(1997) we interpret the couple (AN^,A(^f) as the solution of the linear 
BSDE 

AN* = f T {ip* + A*AN* + BgAQ) ds — f AQdB a , 

Jt Jt 

where 

A?:= f 1 d\d y g(t, x + B t ,N? + X (Nf - N?), (?), 

Jo 

B\ f ■= C dXd z g(t , x + B t , N t °, C t ° + A(Cf - C t °)), 

Jo 

<Pt ■= (9(t, x + B t , N°, (°) - g(t, B t , N t °,(°))/x. 

Using the BSDE a priori estimates [see Pardoux and Peng (1990) and El 
Karoui, Peng and Quenez (1997)] and the inequality (a + b + c ) 2 < 4(a 2 + 
b 2 + (?) we get 


E ( sup |AJV* — Qt \ 2 

\t<T 


(42) 


<CE[ ^ dt (At — d y g(t, B tl N® , Ct)) 2 Qt 


+ CE 


[ T dt(B?-d z g(t, B t ,N?,$)) 2 A 2 
Jo 


+ CE (J^ dt - d c g(t, B t ,N?, C t 0 )) 2 ), 
for some positive constant C. 

By Rolle’s theorem, we have ipf = d c g(t, rj ?, N®, £ t °) for some gf G ( B t , B t + 
x) and since d c g is uniformly Lipschitz with respect to c, we have the fol¬ 
lowing bound for the third term on the right-hand side of (42): 

( 43 ) Ce(£ dt(tf - d c g{t,B u NlCt)f) < CTM 2 x\ 

To analyze the convergence of the first term on the right-hand side of (42) 
we need the following bounding arguments: 

Ge(J dt Qf 1 dXd y g(t,x + B t ,N? + A(JVf - N°),Q) 

— d y g(t, B t ,N ®, Ct°)^ 2 Qt^j 

< KE^J* dt Qf * dX d y g(t, x + Bt, N? + A (JVf - N°), (? ) 
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<4 KE 


- dyg(t,B t ,N?,C °) 

£ dt £ dX d y g(t, x + B t ,N? + X (N t x - N t °), (?) 

— d y g(t,x + Bt,Nf ,Ct)^j ^ 

+ 4 KE £ dt £ dX d y g(t , x + B t , N t °, Q) 

~d y g(t,x + B t ,N?, C t °) 

+ 4 KE £ dt £ dA ^(t, x + , 7V°, C t °) 


-d y g{t,B t ,N?,$' 


<4 KM 2 (e£ q dt(N?-N?) 2 £+E£ dt( (?-(?) 
< 4KM 2 (CT 2 L 2 /3 + CTL 2 + l)x 2 , 


+ x“ 


where K = CM 2 e 2MT T 2 and where we used (39) to obtain the first inequal¬ 
ity, the uniform Lipschitz property of d y f to obtain third inequality and we 
used the a priori estimates in (36) to obtain the last inequality. By (43) and 
the above, we therefore have, on taking limits, 

lim CE( I T dt (Af - d y g{t,B u Nl$)) 2 Q 2 


(44) 


®J.o \J o 


+ CE 


£ dt(tf-d c g(t,B t ,N?,(?)f) =0. 


In order to tackle the convergence of the second term on the right-hand 
side of (42) we use similar bound to the above and get 


CE 


£ dt £ dX d z g(t , x + B t ,Nl Ct° + A(Cf - Ct°)) 

-d z g(t.B u NlC )) 2 £ 

(£ dt £ dXd z g(t, x + B t , N°,tf + A(C? - C/°)) 

-d z g(t,x + B t ,N t °, (£ A fj 


<2CE 
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(45) +2CE [l dt {j 0 d\d z g(t,x + B t ,N?,(?) 

-d z g(t,B t XXt)) 2 ^ 

< WE ^ dt ^ dX d z g(t, x + B t , N°,( t ° + A«? - ( f 0 )) 

-d z g(t,x + B t ,N t °, C?)j A? 

+ 2 M 2 x 2 e(^£ dt . 

Finally, to bound the last term of (45) we mimic a technique introduced 
in El Karoui, Peng and Quenez (1997) as follows: 


E ^ dt QT 1 d\ d z g(t, x + B t X, C t + HCt - Ct)) 


-d z g(t,x + B t ,N?, Ct)] A f 


<M 2 x 1 / 2 E^ dtA^j 


+ E[j dt ( I dAA) 2 l|j^_ c o| >x i/4| 


x d z5 (t, x + S*, N°, (° + A(Cf - Ct°)) 

- d z #(t, x + B t ., jV°, C°)) ) 
(46) < M 2 x l / 2 E^£ dt A 2 ) +4 L 2 e(£ dtt [Kf _ c o l>xl/4} Ai 


< M 2 x 1/2 E 


+ al 2 e 


0> 0 


+ 4L 2 x~ 1/2 E 

rT 


(J 0 dtl {IC7-C t °l>^ 4 } 


< M 2 xV 2 e(£ dt A 2 ) +4 L 2 e(£ dtl {|At|>x - 1/4} A 2 
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+ ^L 2 x~ 1 E^ dt\Q-Ct\ 2 ) 

<M 2 x 1 / 2 E^ dtA 2 j+AL 2 E^ dt l {lAtl>x . 1/4} A 2 ) 


+ 4CTL 4 x, 


where we used the uniform Lipschitz and the boundness of d z g to obtain 
the first and the second inequality, the Markov inequality to obtain fourth 
inequality and (36) to obtain the last inequality. Next, since A t is square 
integrable by construction, the Lebesgue theorem implies that 




and we conclude that the bound obtained in (46) tends to 0 when x j 0, and 
thus so does the bound obtained in (45). 

The above analysis, in conjunction with (44), implies 

lim E (sup | A Nf - Q t \= 0 

sfO \t<T ) 

and, in particular, (41) and thus (40) are established and we are done. □ 


Similarly to the BSDE model, note that under assumptions (H2) and 
(H3), information neutrality for the GSDU model is equivalent to the fact 
that W T is a ^-Brownian motion. Thus Theorem 1 provides a possible 
interpretation of this condition in terms of utility cost of information in 
the formal sense of the GSDU model. From that perspective, the results of 
Theorems 1 and 2 have similar interpretations. 

The technical proofs of Theorems 1 and 2 are also similar, except in the 
part constructing a rich set of ^"-martingales. In the BSDE model (Theorem 
1), we used forward SDEs to construct efficiently an appropriate set of ter¬ 
minal data (£) that generate n JF-martingales which integrands form a basis 
of R n . This last property allowed us to invert the time derivative of formula 
(31) and identify dW^ in terms of dW^. In the BSDE model, we did not 
need extra technical conditions because the assumed Lipschitz conditions on 
the driver h are sufficient to secure the existence of strong solutions of the 
forward SDEs. 

In the GSDU case, the forward SDEs technique will not work because 
the terminal data is fixed (£ = 0) and we can only choose the consumption 
process. In other words, we need to control the intensity V of the GSDU by 
selecting appropriately the intertemporal aggregators [through the choice of 
the consumption process (c)]. The method that we provide in Lemma 2 is a 
self-contained proof which relies on the link between BSDEs and quasilinear 
parabolic differential equations [Pardoux and Peng (1992) and Ma, Protter 


26 


A. LAZRAK 


and Yong (1994)]. This method requires extra technical conditions [assump¬ 
tion (H3)] but it is our beliefs that it is interesting by itself and it also has 
the merit to rely only on classical results from the BSDE literature. 

However, assumption (H3) is intuitively not a necessary condition to 
obtain our characterization [unlike assumption (H2)] and it is possible to 
weaken it. For instance, using the representation of the intensity as a right 
limit of the Malliavin derivatives of the utility process (Vt = lim s i t T>tU s ), one 
can use the results of Pardoux and Peng (1992) and El Karoui, Peng and 
Quenez (1997) [see also Ma and Zhang (2002)] to weaken assumption (H3). 
More generally, our choice of consumption process ct = k Wf to generate 
a rich set of /"-martingales is particular. Arguably it is also possible to 
weaken the required technical conditions of any method (either the Marko¬ 
vian technique or the Malliavin derivative technique) by a different choice 
of consumption process. 

6. Conclusion. We characterized the information neutrality property for 
a class of BSDEs including GSDUs under the assumption that the driver 
depends on the intensity Z only through the Euclidian norm ||Z||. Behav- 
iorally, the information neutrality property corresponds to a form of intrinsic 
indifference to information. We proved that, unless the information reduc¬ 
tion is specific, the class of GSDUs exhibits an intrinsic attitude toward 
information. This intrinsic attitude toward information is in fact inflexibly 
associated to the risk aversion and the ambiguity aversion concepts and 
cannot be disentangled from them within the GSDU context. These results 
invite further analysis. In particular, it would be meaningful to characterize 
the nronotonicity, that is, strict preference (or aversion) for information. The 
Kreps-Porteus-Skiadas approach only provides sufficient conditions for the 
monotonicity for a particular class of GSDUs: the SDUs. New techniques 
must be introduced since we have to manipulate sub-solution of BSDEs. 
For instance the generating martingale technique will not be useful in this 
context because we only have inequalities. 
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